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Abstract
The partition function of four dimensional SO(4) Yang-Mills the-
ory is rewritten in terms of variables admitting straightforward rela-
tion to the partition function of pure 4D gravity. The gauge action
turns into first-order Hilbert-Palatini action for Einstein gravity with
a simple extra term added. The proposed relation can be substanti-
ated as a duality for the partition functions provided a special gauge
is imposed for the gravity. The same method allows to find a closed
expression for the partition function of the SO(4) gauge theory.
1 Introduction
Among modern approaches developing relationship between gravity and Yang-
Mills theory there are those based on the first order formulation of general
relativity [1, 2, 3]. They reformulate the gravity in terms of spin connection
rather than spacetime metric [4] and provides a framework to treat it as
diffeomorphism invariant gauge theory, identifying the spin connection with
SU(2) gauge field. On the other hand the first order formalism enables to
rewrite Yang-Mills theory through gauge-invariant dual variables [5, 6, 7, 8],
which is of interest from the viewpoint of unified description of all interac-
tions. The gravity action is quite different compared to those of Yang-Mills
theories that are believed to be responsible for strong, weak and electromag-
netic forces. Therefore if there exists a change of variables that brings the
action of the gauge theory to the form close to the Einstein-Hilbert one or
vice versa it could be a way to unify both the theories. Besides, such a trans-
formation is interesting in itself as getting further insight into the nature of
Yang-Mills theory.
The variable Bµν dual to the gauge field Aµ is introduced as an auxiliary
variable in the action [2, 8]
SB =
∫
d4x
(
−g
2
2
TrBµνBµν +
i
2
εµνλσTrBµνGλσ
)
, (1)
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which, being varied with respect Bµν , returns the Yang-Mills action. Here
Gµν is the standard Yang-Mills field strength and ε
µνλσ is antisymmetric
tensor. The basic feature of this form is that it makes the integral over the
field Aµ to be a Gaussian. It can be done explicitly with the result given by
the action
SBF =
i
2
∫
d4xεµνλσTrBµνGλσ(A) (2)
evaluated at the solution Aµ of the equation of motion, ε
µνλσ[Dν(A), Bλσ] =
0, where Dν(A) is a covariant derivative. The action SBF turns out to be a
functional of the variable Bµν , which can be shown to be related to the metric
of the dual color space gµν and some special extra metric hij associated to
SU(2) gauge group. Taken alone SBF defines topological ”BF theory” [9]
If, in addition, the metric hij is assumed to be trivial, hij = δij , the action
(2) reduces to the standard Einstein-Hilbert one R
√
g. The first term in the
total action breaks the general invariance and plays the role of ’aether’ [8].
The starting point of this paper is to chose as dual variables the set of
fourvectors eAµ including 4× 4 = 16 independent components. Upon putting
BABµν = e
A
µ e
B
ν − eAν eBµ the second term in the formula (1) turns into Hilbert-
Palatini action with eAµ playing role of tetrad. At first glance, dealing with e
A
µ
we loss at once the gauge invariance of the dual variables as well as the Gauss
integral over them. Indeed, they are the vectors under the gauge transforma-
tion, eAµ (x)→ RAB(x)eBµ (x), where R ∈ SO(4) in Euclidean case (it would be
a local Lorentz transformation in Minkowski space). Substituting tetrad in
the term B2µν makes the integral over e
A
µ to be non-Gaussian. The important
fact however is that there are no derivatives of the eAµ fields in it, so it is just
the product of usual finite dimensional integrals at each point x. It is the
main property the paper is based on. It enables to calculate the integral and
to relate the result with the partition function of the gauge field. Taking the
same integrals in the opposite order and starting at first with the integral
over field Aµ, which is still Gaussian, we arrive at the expression, which turns
into gravity action, when the redundant gauge degrees of freedom inherited
in the vectors eAµ are integrated out. These topics are discussed in the Sec-
tions 2 and 3. The Section 4 is devoted to the modification of these results
due to various forms of quantum measure adopted for gravity functional in-
tegral. It is argued in the Section 5 that the additional term appearing in the
gravity action and spoiling its general coordinate invariance can be naturally
interpreted as gauge fixing. It allows to establish gauge/gravity connection,
or duality, at least for the partition functions.
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It is shown in the Section 6 that the partition function of SO(4) gauge
field can be rewritten through the dual variables in a way, where it turns
completely into the product of independent integrals at each point x. Thus
the gluon partition function looks like that calculated for ensemble of uncor-
related objects.
Note lastly that SO(4) partition function we have dealt with throughout
the paper is simply related to SU(2) one, ZSO(4) = Z
2
SU(2).
2 Integral over tetrad
Here we outline the main idea leaving the details as well as some important
modifications for the next section. We take the SO(4) gauge group with the
gauge field Aµ = A
AB
µ T
AB, where µ = 1, . . . , 4 and TAB, A,B = 1, . . . , 4
are the generators of 4D rotations, TAB = −TBA. The field strength tensor
reads
GABµν (A) =
(
∂µAν − ∂µAν + [Aµ, Aν ]
)AB
.
Introducing auxiliary fields eAµ (x) playing further the role of tetrad and tensor
ΣABµν = e
A
µ e
B
ν − eAν eBµ
we present the partition function for the SO(4) gauge field through the fol-
lowing functional integral
Z =
∫
DAµDe
A
µ exp
∫
d4x
[
−µ4(eAµ eAµ )2 + iM2 G˜(A) · Σ˜
]
, (3)
where
G˜(A) · Σ˜ ≡ εµνλσεABCDGABµν (A) ΣCDλσ ,
and µ and M are two arbitrary mass parameters. To prove that the ex-
pression (3) is really coincides with the gluon partition function we directly
calculate the functional integral over tetrad. For this purpose we shall treat
it as a limit of multiple integral over discretized space,
Z[A] =
∏
x
∫
deAµ (x) exp
∑
x
[
−µ4(eAµ (x)eAµ (x))2∆x4 (4)
+ iM2G˜(x) · Σ˜(x)∆x4
]
3
(G(x) = G(A(x)), Σ(x) = Σ(eAµ (x))). When the separation ∆x→ 0, the mul-
tiplicity, that is the number of finite-dimensional integrals located at points
x, goes to infinity while the Riemann sum turns into continuous integral for
the action in the exponent.
The crucial property the subsequent analysis is based on is the absence
of derivatives of the auxiliary fields eAµ (x) in the action. It makes the in-
tegrations over eAµ (x) to be independent from each other. In this context
the integral (4) can be naturally thought of as an averaging of the action
functional over ensemble of uncorrelated random variables,
Z[A] = 〈〈exp∑
x
iM2 G˜(x) · Σ˜(x)∆x4〉〉,
with the function
P (eAµ ) = exp[−µ4 (eAµ eAµ )2]
providing distribution of these variables at each point.
After rescaling eAµ → eAµ/µ∆x we get
Z[A] = C0
∏
x
∫
deAµ (x) exp
∑
x
[
−(eAµ (x) eAµ (x))2 (5)
+ i
M2
µ2
G˜(x) · Σ˜(x)∆x2
]
,
where the constant factor C0 =
∏
x(µ∆x)
−16 is determined by the number
of lattice cells, N = V4/∆x
4, in the total space volume V4. Introducing the
notation for independent averaging over tetrad at separate point,
〈F 〉 =
∫
deaµe
−(eAµ eAµ )2F (eAµ ) (6)
the product takes the form
Z[A] = C0
∏
x
[ 〈 1 〉 + iM
2
µ2
〈 G˜(x) · Σ˜(x) 〉∆x2 (7)
−1
2
M4
µ4
〈 (G˜(x) · Σ˜(x))2〉∆x4 +O (∆x4) ].
An apparent O(16) symmetry of the weight integral in (6) entails simple
angular averaging. Combining the index pair into a single multiple index
4
α =
{
A
µ
}
we have for D = 16
〈eαeβ〉 = 〈e2〉δαβ 1
D
(8)
〈eαeβeγeδ〉 = 〈e4〉(δαβδγδ + δαγδβδ + δαδδβγ) 1
D(D + 2)
, (9)
e2 ≡ eAµ eAµ , e4 ≡ (eAµ eAµ )2.
As a consequence, the second term in (7) vanishes because of antisymmetry
with respect to either space or color indices. The third term yields
−2
9
M4
µ4
〈e4〉GABµν (x)GABµν (x)∆x4,
so that
Z[A] = Z0
∏
x
[1− 2
9
M4
µ4
〈e4〉
〈 1 〉G
2(x)∆x4 +O(∆x4)]
= Z0 exp
[
−2
9
M4
µ4
〈e4〉
〈 1 〉
∑
x
G2(x)∆x4 +O(∆x4)
]
,
where G2 ≡ GABµν GABµν and normalization factor Z0 =
∏
x[(µ∆x)
−16 · 〈 1 〉].
Since the last line in the above expression is the integral sum, we finally
obtain for ∆x→ 0
Z[A] = Z0 exp
[
−2
9
M4
µ4
〈e4〉
〈 1 〉
∫
d4xG2(x)
]
. (10)
Substituting here 〈e4〉/〈1〉 = ∫∞0 drr19e−r4/ ∫∞0 drr15e−r4 = 4, r2 = eAµ eAµ ,
we arrive at the desired relation of the functional integral (3) to partition
function of the SO(4) gauge field,
Z = Z0
∫
DAµ exp
[
− 1
g2
∫
d 4xGABµν (A)G
AB
µν (A)
]
,
the coupling constant being
1
g2
=
8
9
M4
µ4
. (11)
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3 Relation to gravity
There is a different way to work out the integral (3) starting from the Gaus-
sian integral over gluon fields. We begin by noting that
εµνλσεABCDΣCDλσ = 4 det(e) · (eA,µeB,ν − eB,µeA,ν) ≡ 4 det(e) ΣAB,µν ,
where contravariant tetrad and metric tensor gµν are defined according to
the relations
gµν = e
A
µ e
A
ν , e
A
µ = gµνe
A,ν , eA,µ eBµ = δ
AB, det g = det(e)2. (12)
With these notations the second term in the exponent (3) reads
iM2
∫
d4x G˜(A) · Σ˜ = 4iM2
∫
d4x det(e)GABµν (A)Σ
AB,µν , (13)
The expression (13) is well-known Hilbert-Palatini action (in Euclidean space),
whose variation with respect Aµ and e
A,µ yields General Relativity classical
equations for pure gravity [10].
It is instructive here to pursue this connection in a little bit different
manner more suitable to carry out Gaussian integral. To this end we first
introduce covariant derivative, which acts onto tetrad as
∇µeA,ν = ωCAµ eC,ν ,
with the spin connection matrix ωABµ = −ωBAµ . It automatically implies
metric compatibility, ∇λgµν = 0, and allows for the obvious identity
∂µ[ det(e)Σ
AB,µνAABν ]− ∂ν [ det(e)ΣAB,µνAABµ ]
= det(e)∇µ(ΣAB,µνAABν )− det(e)∇ν(ΣAB,µνAABµ )
= det(e)[AABν ∇µΣAB,µν − AABµ ∇νΣAB,µν + ΣAB,µν(∂µAν − ∂νAµ)AB].
Furthermore, we have
AABν ∇µΣAB,µν −AABµ ∇νΣAB,µν = 2 [ωµ, Aν ]ABΣAB,µν .
These two identities permit the field strength tensor to be recast in the form
det(e)ΣAB,µνGABµν (A) = ∂µ[ det(e)Σ
AB,µνAABν ]− ∂ν [ det(e)ΣAB,µνAABµ ]
+ det(e) ΣAB,µν
(
[Aµ − ωµ, Aν − ων ]− [ωµ, ων ]
)AB
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valid for an arbitrary field Aµ. Combining it with the same expression written
for Gµν(ω) we reach a net result:
det(e) ΣAB,µνGABµν (A) (14)
= ∂µ
[
det(e)ΣAB,µν(Aν − ων)AB
]
− ∂ν
[
det(e)ΣAB,µν(Aµ − ωµ)AB
]
+ det(e) ΣAB,µν
(
[Aµ − ωµ, Aν − ων
]
+Gµν(ω)
)AB
.
It is worth sometimes to split second rank tensors into their self- and
anti-self-dual parts with respect to flat indices,
TAB =
+
TAB +
−
TAB,
±
TAB =
1
2
(TAB ± εABCDT CD),
[
+
T 1,
−
T 2] = 0,
+
TAB1
−
TAB2 = 0,
the identity [T˜1, T˜2] = [T1, T2], T˜
AB ≡ εABCDTCD being responsible for com-
mutator vanishing in the second line. In fact, this amounts to decomposition
of SO(4) algebra into two SU(2) algebras whose generators are made of plus
or minus components.
Substituting A = A± into equality (14) we immediately get that it holds
separately for plus and minus parts of the field strength tensor,
det(e) ΣAB,µνGABµν (A
±) (15)
= ∂µ
[
det(e)ΣAB,µν(A±ν − ω±ν )AB
]
− ∂ν
[
det(e)ΣAB,µν(A±µ − ω±µ )AB]
+ det(e) ΣAB,µν
(
[A±µ − ω±µ , A±ν − ω±ν ] +Gµν(ω±)
)AB
provided we take into account that GABµν (A
±) =
±
GABµν (A).
By virtue of the identity (14) the Gaussian integral over A in (3) can be
trivially done by replacement (A−ω)→ A¯. Moreover since the quadratic in
fields A¯µ part of the action (13),
iA¯ · K · A¯ = 4iM2
∫
d4x det(e) ΣAB,µν [A¯µ, A¯ν ]
AB (16)
= 4iM2
∫
d4x det(e) ΣAB,µν ([A¯+µ , A¯
+
ν ] + [A¯
−
µ , A¯
−
ν ])
AB
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does not contain derivatives, the functional determinant decays into infinite
product of usual determinants at each space point,
Det(K/π)− 12 = ∏
x
c det[e(x)]−6[M2∆x4]−12 (17)
(c = 2−28π12), producing an additional local factor for the functional measure
DeAµ . Thus the integral (3) takes the form
Z =
∫
DeAµ ρ(e
A
µ ) exp
∫
d4x
[
−µ4(eAµ eAµ )2 + 4iM2GABµν ΣAB,µν
]
. (18)
Recalling that
4iM2
∫
d4xGABµν Σ
AB,µν = 8iM2
∫
d 4xR det e
looks like the conventional Einstein-Hilbert action, this form bears a close
resemblance to gravity partition function. A straightforward identification
with it requires, however, a physical interpretation of the first term, which
explicitly spoils general covariance of the action appearing in the integral
(18). Further, the space volume in the Einstein-Hilbert action should be
positive,
√
g = | det(e)|, which has to impose certain restrictions on the
integrals over tetrad. Another possible question is a proper choice of the
local factor ρ(eAµ ). These issues will be discussed in the next two sections.
4 Gravity measure
For proper description of quantum gravity the functional (3) needs somewhat
modification, namely, the functional measure DeAµ has to be changed by extra
local factor.
There are several alternative ways to define its form.
Similarly to gauge fields theories, where the measure DAµ is invariant
under gauge transformation, the relevant gravity measure Dg is supposed
to be invariant under general coordinate transformation. The invariance is
achieved by inclusion of a local factor [11],
Dg =
∏
x
∏
µ≤ν
g
5
2 dg µν =
∏
x
∏
µ≤ν
g−
5
2 dgµν , (19)
g = det(gµν).
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Another form has been obtained in the hamiltonian formalism, which
ensures unitarity of S-matrix for gravity [12],
Dg =
∏
x
∏
µ≤ν
g−
3
2 g00dgµν (20)
The hamiltonian formalism applied to the Palatini-Holst action leads to
the measure [13], which in our notations reads
DADe =
∏
x
dAABµ de
A
µ V3Vs, (21)
where V = √g is a spacetime volume element while Vs is a spatial volume
element.
Actually the local factor in the measures affects only high orders of the
perturbation theory acting as counterterm that cancels the divergent pieces of
the loops proportional to δ(4)(0)[12]. The measures (20, 21) are not invariant
under coordinate transformations. The reason for this lies in the procedure
of quantization, namely, in a spacetime lattice that is implied behind path
integral. It provides an ultraviolet regularization but violates invariance to
the coordinate transformation [14].
Despite the modifications the steps (4), (5), (7) hold unchanged provided
the averaging is redefined according to the measures (19),(20), (21). Particu-
lar form of the local factors results only in different coefficients in the equation
for the coupling constant (11). To show it we begin with the measure
DADe =
∏
x
dAABµ de
A
µ det(e)
K (22)
The local factor in (22) requires to redefine the averaging over tetrad as
〈F 〉K =
∫
deAµ det(e)
K e−(e
A
µ e
A
µ )
2
F (eAµ ). (23)
The additional factor det(e)K breaks O(16) symmetry and invalidates the
identities (8),(9). But it allows for independent O(4) rotations of color and
space tetrad indices, that results into the set of relations instead of (8),(9):
〈eAµ eBν 〉K = δABδµν
1
16
〈gαα〉K , (24)
〈eAµ eBν eCλ eDσ 〉K = δABδCDsµνλσ + δACδBDsµλνσ + δADδBCsµσνλ, (25)
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with
sµνλσ =
1
576
[(3g21 − 2g2)δλσδµν − (g21 − 2g2)(δλµδνσ + δλνδµσ)] (26)
and
g21 = 〈gααgββ〉K , g2 = 〈gαβgβα〉K . (27)
The first identity (24) removes the ∆x2 term in the expansion (7), while the
second one (25) returns the value of the term proportional to ∆x4, which
yields in the continuous limit
Z[A] = Z0 exp
[
−4
9
M4
µ4
g21 − g2
〈 1 〉K
∫
d 4xG 2(x)
]
, (28)
Z0 =
∏
x
[(µ∆x)−16−4K〈 1 〉K ].
Using g21 − g2 value calculated in the Appendix we obtain the coupling con-
stant
1
g2
=
2
3
M4
µ4
(K + 3)(K + 4)
2K + 9
. (29)
and arrive at the relation∫
De exp
∫
d4x
[
−µ4(eAµ eAµ )2 + 8iM2R det(e)
]
(30)
= ZgA
∫
DA exp
[
− 1
g2
∫
d 4xGABµν (A)G
AB
µν (A)
]
.
The functional measure is understood as
De =
∏
x
ρ(eAµ )de
A
µ ,
with the local factor encountering the determinant (17), ρ(eAµ ) = det(e)
K−6.
The ”transition” coefficient between gravity and gauge partition function is
given by the product running over space points,
ZgA =
∏
x
ceM
−24
[
(µ4∆x4)−4−K〈 1 〉K(M4∆x4)12
]
, (31)
ce = 2
28π−12.
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Now we have to correct this result for the condition det(e) ≥ 0 assumed
in the gravity action. One way to incorporate it is to integrate over con-
figurations for which the inequality holds, that is to choose instead of the
measure (22) the modified one,
DADe+ =
∏
x
dAABµ de
A
µ det(e)
K θ(det(e)). (32)
Indeed, the functional, coming about upon the integration over gauge field
Aµ, depends only on the metric tensor, the curvature, that is expressed
through the metric tensor again, and det(e). The tensor gµν = e
A
µ e
A
ν re-
mains unchanged under reflection of sign in any row of the matrix eAµ , that
negates det(e). Therefore for an arbitrary function of these variables one
may write ∫
deAµ θ(det(e)) f(det(e), gµν) =
1
2
∫
deAµ f(
√
g, gµν). (33)
It allows to pass from tetrad to the integral over gµν with the measure
Dg =
∏
x
∏
µ≤ν
gN dgµν . (34)
The power N is separated here into two parts. The first part is due to the
determinant (17), the second one arises as a local Jacobian, since for any
function f ∫ ∏
µ,A
deAµ f(e
A
µ e
A
ν ) =
∫ ∏
µ≤ν
dgµνg
− 1
2 f(gµν)
(see the Appendix). Putting it together with det(e)K we recover the measure
(34) for K = 2N + 7.
The measure (32) admits SO(4)× SO(4) independent rotations of color
and space indices rather than O(4)×O(4) before. This restriction allows for
one more term in the equation (25),
〈eAµ eBν eCλ eDσ 〉K = δABδCDsµνλσ + δACδBDsµλνσ + δADδBCsµσνλ
+
1
24
εABCDεµνλσ〈 det(e) 〉K , (35)
and the constraint det(e) ≥ 0 amounts to an extra contribution to the gauge
action,
Z[A] = Z0 exp
∫
d4x
[
− 1
g2
GABµν (A)G
AB
µν (A)
+ c˜ εABCDεµνλσG
AB
µν (A)G
CD
λσ (A)
]
,
11
This term appears to be a total derivative with the constant c˜ in front given
by the averaged ’volume element’
c˜ =
4
3
〈 | det(e)| 〉K
〈 1 〉K
M4
µ4
,
which for the particular form (32) evaluates to c˜ = 1
3
√
pi
2K+1
2K+9
.
Consider now the measures (20) and (21). They share the common lack
of explicit covariance because of their hamiltonian nature that distinguishes
’time’ and ’space’. It breaks the O(4) symmetry of the local averaging with
respect to the space indices though the O(4) or SO(4) color symmetry re-
mains intact, so that the relations (24) and (25) or (35) are still applicable
while the formula (26) should be changed. Introducing ’time’ directed unit
vector nµ one can write instead of it
sµνλσ = c1 δµνδλσ + c2 (δλµδνσ + δλνδµσ) + c3 nµnνnλnσ, (36)
the coefficients being again expressed through averaged values (27) and a
new structure gnn = 〈nαgαβnβ〉K ,
c1 =
1
1512
(8g21 − 5g2 − 3gnn), c2 = −
1
3024
(5g21 − 11g2 − 6gnn),
c3 = − 1
504
(g21 + 2g2 − 24gnn),
where the averaging is carried out with particular local factors determining
the measure. The output gluon partition function has the same form (28),
in which the details of gravity measure are encoded only in the parameters
g21, g2, 〈 1 〉 and 〈 | det(e)| 〉. The last one defines the total derivative term
appearing in the gluon action, when the constraint det(e) > 0 is imposed.
The term gnn does not contribute.
Thus the variation of the functional measure affects the final relation
between gravity and gauge field,∫
Dg exp
∫
d4x
[
−µ4g2µµ + 8iM2R
√
g
]
(37)
= ZgA
∫
DA exp
[
− 1
g2
∫
d 4xGABµν (A)G
AB
µν (A) + c˜
∫
d 4xGABµν (A) G˜
AB
µν (A)
]
,
only through coupling g, constant c˜ and normalization product (31) (with
ce = 2
29π−12 because of 1/2 in (33)). The average 〈 1 〉K is calculated for
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a given local factor ρ(g) in the gravity measure. It is supposed to be ho-
mogenous function for the metrics rescaling, gµν → αgµν , ρ(g) → α4Nρ(g),
K = 2N + 7.
5 Duality
The second term in the l.h.s. (37) is the conventional Einstein-Hilbert action
that enjoys general coordinate invariance in contrast to the first term that
explicitly violates it. To clarify a meaning behind it we consider partition
function for the pure Euclidean gravity without extra terms,
Zg =
∫
Dg exp
∫
d4x
[
8iM2R
√
g
]
.
This functional is to be supplemented with appropriate gauge conditions
fixing in gravity case the coordinate system. The four coordinates should be
fixed with four constraints imposed on the metric tensor. Let us choose as
variables subject to the constraints the diagonal components of gµµ,
gµµ(x) = αµ(x). (38)
According to the standard proceeding it amounts to dealing with gauge-fixed
integral
Zgfg =
∫
Dg∆FP [g]
∏
µ
δ [gµµ − αµ] exp
∫
d 4x
[
8iM2R
√
g
]
with Faddeev-Popov determinant ∆FP [g]. Two integrals, Zg and Z
gf
g differ
only in the constant normalization proportional to the volume of gauge group
that is the group of coordinate diffeomorphisms, in our case. The first order
variation of the gauge conditions under the infinitesimal action of this group,
δxµ = ǫµ(x), δgµµ(x) = −2∇µǫµ(x)
yields Faddeev-Popov determinant,
∆FP [g] =
∏
µ
Det(∇µ).
Expressing covariant derivative through Christoffel symbols, (∇µ)αβ = ∂µδαβ +
(Γµ)
α
β , we rewrite the determinant as
Det ∂µ · Det [1 + θ · Γµ],
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where ∂µθ(xµ − yµ) = δ(xµ − yµ), or
Det(∇µ) = Det ∂µ · exp{
∞∑
n=1
(−1)n+1
n
Tr [θ · Γµ ]n}.
Apart the index summation the trace implies the loop integrals over coor-
dinates, which all are zero because of the arguments ordering in θ(x − y)
function. Thus Det(∇µ) = Det ∂µ is a constant not depending on the metric
tensor gµν . This property is similar to ghost decoupling well known for axial
or planar gauges in QCD [15]. Furthermore, the functional Zgfg does not
depend on the functions αµ since its variation only ”moves the point along
the same gauge group orbit”. It allows to average Zgfg over αµ with arbitrary
weight factor that results only in an overall constant in front,
Zgfg = N
∫
DαµΦ[α]
∫
Dg
∏
µ
δ [gµµ − αµ] exp
∫
d 4x
[
8iM2R
√
g
]
(39)
Choosing
Φ[α] = exp[−µ4
∫
d4x(
∑
ν
αν)
2]
we arrive at the functional (37). One can conclude therefore that there is a
duality between the SO(4) gauge theory and quantum gravity taken in the
particular gauge (38).
6 Further implications
The weight function in the integral (3) may be viewed, by itself, as a part of
local factor in the measure,
Z =
∫
DAµDe
A
µ ρ(e
A
µ ) exp i
∫
d4xM2 G˜(A) · Σ˜, (40)
ρ(eAµ ) = exp{−(µ∆x)4(eAµ eAµ )2}.
This form suggests a natural extension to other weight functions that admit
continuous limit, for example,
ρ(eAµ ) = exp{−(µ∆x)4(eAµ eAµ )2}+ c exp{−α(µ∆x)4(eAµ eAµ )2}.
The formulae (10), (28) still hold in this case if the average values (6), (23)
appearing in them are modified in the same manner, that is e−(e
A
µ e
A
µ )
2 →
14
e−(e
A
µ e
A
µ )
2
+ce−α(e
A
µ e
A
µ )
2
. Similarly, taking the functional Φ[α] in (39) as infinite
product of local terms,
Φ[α] =
∏
x,µ
ρ(eAµ ),
we again reproduce gauge/gravity duality interpreting noncovariant weight
factor in the measure as an ingredient of gauge fixing procedure for the
gravitational field.
Another interesting perspective comes about if we replace the seed func-
tional integral Z[A] (3) by the expression,
Zε[A] =
∫
DAµDe
A
µ det(e)
KeSε (41)
with a new action,
Sε =
∫
d4x
[
−µ4(eAµ eAµ )2 + iM2 det(e) εABCDΣAB,µνGCDµν
]
,
and arbitrary power K in the functional measure. The action of the form
SH =
1
4
∫
d4x det(e) ΣAB,µν [GABµν −
1
2γ
εABCDGCDµν ]
is generalized Hilbert-Palatini action proposed by Holst [16]. It gives rise
to the same equation of motion for classical gravity regardless the value of
Immirzi parameter γ [17] (though it may affect quantum theory [18]). It is
this second, Immirzi related term, in the Holst action that is only left in the
action Sε in (41).
Proceeding as before and integrating over tetrad with the help of equali-
ties
det(e) εABCDΣCD,µν = εµνλσΣABλσ
and (24), (25) we draw the connection of integral (41) to the partition func-
tion of SO(4) gauge field similar to (28),
Zε[A] =
∏
x
[
(µ∆x)−16−4K〈 1 〉K
]
(42)
×
∫
DA exp
{
−1
9
M4
µ4
g21 − g2
〈 1 〉K
∫
d4xG2
}
,
which amounts to the coupling constant value
1
g2
=
1
6
(K + 3)(K + 4)
2K + 9
M4
µ4
. (43)
15
On the other hand, presenting dual tensor as
det(e) εABCDΣAB,µνGCDµν = det(e)[
+
GABµν −
−
GABµν ]Σ
AB,µν ,
and recalling the identities (15), we bring the action that appears in (41) to
the form (omitting total derivatives)
Sε =
∫
d4x
[
−µ4(eAµ eAµ )2 + iM2 det(e)ΣAB,µν
(
[A+µ − ω+µ , A+ν − ω+ν ]
− [A−µ − ω−µ , A−ν − ω−ν ]
)AB
+ iM2 det(e)ΣAB,µν [
+
Gµν (ω)−
−
Gµν (ω) ]
AB
]
.
The last term is identically zero here, as immediately follows from the Bianchi
identity for curvature tensor,
det(e)ΣAB,µνεABCDGCDµν (ω) =
1
2
det(e)ΣAB,µνRλσµνΣ
CD,λσ
=
1
2
εµναβΣCDαβ RλσµνΣ
CD,λσ = 2εµνλσRλσµν = 0.
As a consequence the replacement Aµ − ωµ → Aµ completely removes all
derivatives from Sε, so that the whole integral (41) turns into product of
independent integrals uncorrelated at each space point both for tetrad and
gauge fields,
Zε[A] =
∫
DAµDe
A
µ det(e)
K exp
∫
d4x
[
−µ4(eAµ eAµ )2 (44)
+ iM2 det(e)ΣAB,µν
(
[A+µ , A
+
ν ]− [A−µ , A−ν ]
)AB]
.
The form (44) entails, in particular, a closed expression of the same type
for the gluon partition function Z[A]. Indeed, comparing (44) with (41) and
(42), we present Z[A] through uncorrelated product as
Z[A] =
∏
x
∫
dA exp
{
− 1
g2
[Aµ , Aν ]
AB[Aµ , Aν ]
AB(∆x)4
}
. (45)
This simple result is plagued by non-decreasing of the integrand along Aµ =
Aν directions, which makes it divergent at each space point x. However it is
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finite if the integrals in (44) are taken in opposite order. Integrating out at
first the gauge fields yields (after rescaling eAµ → eAµ /(µ∆x))
Zε =
∏
x
(µ∆x)−16−4K
[∫
deAµ det(e)
Ke−(e
A
µ e
A
µ )
2
(det
K˜
π
)−
1
2
]
,
the matrix K˜ defining quadratic form in the Gaussian integral,
iA · K˜ ·A = iM2
∫
d4x det(e)ΣAB,µν
(
[A+µ , A
+
ν ]− [A−µ , A−ν ]
)AB
.
This form differs from that appearing in (16) only in the relative sign be-
tween the positive and negative blocks and the overall coefficient in front.
Since both matrices, K and K˜, are block diagonal, their determinants are
proportional, and
Zε[A] =
∏
x
(µ∆x)−16−4K (M
µ
∆x
)−24
〈 1 〉K−6 π
12
16
 .
Comparing again this expression with (42) we arrive at the ”finite” result for
the gluon partition function,
Z[A] =
∏
x
π12
16
(
M
µ
∆x
)−24 〈 1 〉K−6
〈 1 〉K
 . (46)
Substituting here explicit expressions for 〈 1 〉K from the Appendix and the
coupling constant (43) we get
Z[A] =
∏
x
[
g12(∆x)−24cK
]
(47)
with cK = 4π
15
[
(K+3)(K+4)
3(2K+9)
]6 (2K+7)(2K+5)(4K2−9)(4K2−1)
(K−1)(K−3)(K−5) .
Thus the divergency in (45) may be regarded as a consequence of the
continuous limit that has not been assumed in deriving (46). Obviously, the
divergency has an ultraviolet origin, since it appears when ∆x → 0. The
equation (46) is then natural to treat as being obtained with a kind of lattice
regularization characterized, besides the fixed ∆x, by the parameter K.
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7 Conclusion
The above treatment can be summarized in the three main statements:
1. There is a simple connection between partition functions of gravity
with an extra noncovariant term added to Einstein-Hilbert action and SO(4)
gauge theory (30), (37).
2. The noncovariant part of the gravity action in (30), (37) is natural to
interpret as the gauge-fixing term for a particular gauge (38) imposed on the
metric tensor.
3. The partition function of SO(4) gauge theory can be brought to the
form, in which the action does not contain fields derivatives, and the func-
tional integral reduces to the product of independent finite dimensional in-
tegrals at each space points (45), (46).
The basic method to find gauge/gravity connection relies on the equa-
tion (14). By shifting Aµ → Aµ − ωµ it removes the derivatives either from
gauge field or tetrad. The functional integral without derivatives looks like
averaging over ensemble of uncorrelated random variables. According to the
”large numbers law” the result is weakly sensitive to the distribution of sin-
gle variables, being completely determined with a few parameters like mean
value and dispersion accumulating the details. That is why any particular
functional measure chosen for quantum gravity leads to the same standard
action for the gauge field changing the coupling constant(s) only. On the
other hand recasting derivatives onto tetrad yields Einstein-Hilbert gravity
action (with fixed gauge) while the gauge field turns into uncorrelated en-
semble and, having been integrated out, produces the additional local factor
for the gravity measure (17).
The equation (15) develops this even further completely removing deriva-
tives both from the tetrad and the field Aµ without giving rise to a ”gravity”.
It makes the gluon partition function to be entirely uncorrelated like that for
the lattice with no interaction between neighbor space points.
There are two comments in order here. First, the replacement Aµ →
Aµ − ωµ removes derivatives only in the functional integral for the gluon
partition function but does not work for more complex objects such as, say,
the Green functions. The correlations do not disappear for the action with
external source.
Second, the divergency of the continuous partition function (45) calls for
ultraviolet regularization provided with the finite spacing ∆x and local factor
in the measure (41). The regularized result (46), that includes apart from
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these two parameters the bare charge g, could be significantly influenced by
subsequent renormalization. However even if possible corrections are con-
siderable they originate from short distances and therefore should be in the
perturbative region of the gauge theory.
8 Appendix
Here we briefly comment the computation of the integrals of the form
Im =
∫
deAµ det(e)
m e−(e
A
µ e
A
µ )
2
(48)
encountered in the above treatment. It is convenient to start from a bit more
general integral
I =
∫
deAi F (e
A
i e
A
k ),
when the variable eAi carries space and color indices in the intervals i =
1, . . . , D, A = 1, . . . , NA respectively, and F is arbitrary function. Inserting
auxiliary integral over symmetric matrix gik,
I =
∫
deAi F (e
A
i e
A
k ) =
∫ ∏
i≤k
dgik
∫
deAi δ(e
A
i e
A
k − gik)F (gik),
where
δ(X) ≡ ∏
i≤k
δ(Xik)
for any symmetric matrix X , and using the relation
δ(C ·X · C) = 1
detCD+1
δ(X)
valid for any symmetric matrix C, we transform integral to the form
I =
∫ ∏
i≤k
dgik F (gik)
1
det g
D+1
2
∫
deAi δ(g
− 1
2 eAeA g−
1
2 − 1),
in which (eAeA)ik ≡ eAi eAk and positivity of g assures g
1
2 existence. Changing
the variables eAi = g
1
2
ike
A
k , we finally obtain
I = JNA
∫ ∏
i≤k
dgik F (gik) det g
NA−D−1
2 (49)
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with the factor
JNA =
∫
deAi δ(e
AeA − 1) (50)
independent on g and F . The formula (49) for NA = D reproduces Jacobian
det g−
1
2 used in the derivation of the measure (22).
To find JN we note firstly that
JN+1 =
∫
deN+1k
∫
deAi δ(e
A
i e
A
k − gik)
with gik = δik − eN+1i eN+1k , and secondly that | eN+1i | ≤ 1 in this integral.
Since det g = 1− eN+1i eN+1i we have the recursion equation
JN+1 = JN
∫
deN+1k (1− eN+1i eN+1i )
N−D−1
2
= JN ΩD
∫ 1
0
dr rD−1(1− r2)N−D−12 = JN ΩD B
(
1
2
,
N −D + 1
2
)
,
whose solution reads
JD+N =
[
1
2
ΩD
]N ΓN+1 (1
2
)
Γ
(
1
2
+ N
2
) JD.
Turning back to the integral (48) we see that it can be calculated through
the following chain of equalities resembling a kind of replica method
Im = JD
∫ ∏
i≤k
dgik e
−g2ii det g
m−1
2 =
JD
JD+m
∫ D+m∏
A=1
deAi e
−(eAi eAi )2
=
JD
JD+m
ΩD+m
∫ ∞
0
dr rD+m−1e−r
4
=
1
4
JD
JD+m
ΩD+m Γ
(
D +m
4
)
,
More general integrals of the form
∫
deAµ (Trg
k)n det(e)m e−(e
A
µ e
A
µ )
2
are cal-
culated with the same trick and the help of relations of the type (8),(9) with
D → D +m, the factors J4
JN2m
ΩD+m canceling in the ratio 〈(Trgk)n〉/〈1〉.
Taking D = 4 and m = K we get
〈 1 〉K = J4
JK+4
Ω4(4+K)
1
4
Γ(K + 4),
〈 e4 〉K = J4
JK+4
Ω4(4+K)
1
4
Γ(K + 5),
e4 ≡ (eAi eAi )2, whereas
g21 − g2 =
3
2
K + 3
2K + 9
〈 e4 〉K .
20
References
[1] Plebanski, On the separation of Einsteinian substructures, J.Math.Phys.
18 (1977) 2511-2520.
[2] M.B. Halpern, Field-strength formulation of quantum chromodynamics,
Phys. Rev. D16 (1977) 1798-1801.
[3] K. Krasnov, Plebanski Formulation of General Relativity: A Practical
Introduction, Gen. Rel. Grav. 43 (2011) 1 [arXiv:0904.0423 [gr-qc]].
[4] R. Capovilla, T. Jacobson, J. Dell, General Relativity without the Metric,
Phys. Rev. Lett. 63 (1989) 2325-2328.
[5] F. A. Lunev, Three dimensional Yang-Mills theory in gauge invariant
variables, Phys. Lett. B295 (1992) 99-103
[6] F. A. Lunev, Reformulation of QCD in the language of general relativity,
J. Math. Phys. 37 (1996) 5351 [arXiv:hep-th/9503133].
[7] O. Ganor and J. Sonnenschein, The ’dual’ variables of Yang-Mills theory
and local gauge invariant variables, Int. J. Mod. Phys. A 11 (1996) 5701
[arXiv:hep-th/9507036].
[8] D. Diakonov and V. Petrov, Yang-Mills theory as a quantum gravity
with ’aether’, Grav. Cosmol. 8 (2002) 33 [arXiv:hep-th/0108097].
[9] D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Topological
field theory, Phys. Rep. 209 (1991) 129
[10] P. Peldan, Actions for gravity, with generalizations: A Review, Class.
Quant. Grav. 11 (1994) 1087 [arXiv:gr-qc/9305011].
[11] N.P. Konopleva, V.N. Popov, Gauge Fields, Harwood Academic Pub-
lishers (1981).
[12] E. S. Fradkin, G. A. Vilkovisky, S matrix for gravitational field. ii. local
measure, general relations, elements of renormalization theory, Phys.
Rev. D8 (1973) 4241-4285.
21
[13] J. Engle, M. Han and T. Thiemann, Canonical path integral measures for
Holst and Plebanski gravity. I. Reduced Phase Space Derivation, Class.
Quant. Grav. 27 (2010) 245014 [arXiv:0911.3433 [gr-qc]].
[14] H. Leutwyler, Gravitational Field: Equivalence of Feynman quantization
and canonical quantization, Phys. Rev. 134 (1964) B1155
[15] G. Leibbrandt, Introduction to noncovariant gauges, Rev. Mod. Phys.
59 (1987) 1067.
[16] S. Holst, Barberos Hamiltonian derived from a generalized Hilbert-
Palatini action, Phys. Rev. D 53 (1996) 5966.
[17] G. Immirzi, Real and complex connections for canonical gravity, Class.
Quant. Grav. 14 (1997) L177.
[18] C. Rovelli and T. Thiemann, Immirzi parameter in quantum general
relativity, Phys. Rev. D 57 (1998) 1009.
22
